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0. Introduction. We use the definitions and information from [1]. Our
results are closely related to [2]–[22]. As usual, N := {1, 2, . . .}, R and
C are the sets of real and complex numbers, resp. The symbol C∞ :=
C ∪ {∞} denotes the Riemann sphere (the extended complex plane);
D(z, r) :=
{
z′ ∈ C : |z′ − z| < r
}
for z ∈ C and r > 0; D := D(0, 1).
Let D be a subdomain of C∞ 6= D always here. We denote by Hol(D)
and sbh(D) the class of holomorphic and subharmonic functions on D,
resp. The class sbh(D) contains the function −∞ : z 7→ −∞, z ∈ D.
An elementary consequence of classical Nevalinna Theorem is
Theorem (with W. Blaschke condition). Let M ∈ sbh(D) \ {−∞} with
the Riesz measure νM and a version of the Blaschke condition∫
1/2≤|z|<1
log
1
|z|
dνM (z) < +∞ (Bm)
is fulfilled. If a non-zero function f ∈ Hol(D) such that log |f | ≤ M on
D\D(0, 1/2) (pointwise) and f vanish on a sequence Z = {zk}k=1,2,... ⊂
D (we wrie f(Z) = 0), then the Blaschke condition
∑
1/2≤|zk|<1
log
1
|zk|
< +∞ (Bz)
also is fulfilled. Here the test function z 7→ log
1
|z|
, z ∈ D, from (Bm)–
(Bz) is positive (sub)harmonic function on D \D(0, 1/2), and
lim
1>|z|→1
log
1
|z|
= 0. (0)
For a subset S of C∞ we denote by S and ∂S the closure of S and the
boundary of S in C∞. If S is a compact subset of D in the topology
induced from C∞, then we write S ⋐ D. For S ⊂ C∞ we denote by
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sbh(S) the class of functions that are subharmonic on some open set
containing S; sbh+(S) :=
{
u ∈ sbh(S) : u ≥ 0 on S
}
.
Main Problem. Let D0 ⋐ D be a subdomain, M ∈ sbh(D) with the
Riesz measure νM , f ∈ Hol(D), Z = {zk}k=1,2,... ⊂ D, f(Z) = 0, and
log |f | ≤ M on D \D0. Under what conditions on the function v : D \
D0 → [0,+∞), for f 6≡ 0, the implication
 ∫
D\D0
v dνM < +∞

 =⇒

 ∑
zk∈D\D0
v(zk) < +∞

 (⇒)
is true ? This gives uniqueness theorems: if a series from (⇒) diverges,
the integral from (⇒) is finite, and log |f | ≤M on D \D0, then f ≡ 0.
Our Solution (see Corollary 1 and Theorem 1 below). It is sufficient
that v ∈ sbh+(D \D0), and (cf. (0))
lim
z→∂D
v = 0, (O)
i. e. for each ε > 0 there is Dε ⋐ D such that |v| < ε on D \ (Dε ∪D0).
1. δ-subharmonic functions [23]–[24]. For a function or a mesure a
we denote by a
∣∣
S
the restriction of a to S. L1loc(D) denotes the set of
locally integrable functions f on D with respect to the restriction λ
∣∣
D
of
Lebesgue measure λ. We also consider the function +∞ : z 7→ +∞, z ∈
D. Two functions ±∞ are δ-subharmonic functions. Another function
M : D → [−∞,+∞] is called δ-subharmonic on D if M ∈ L1loc(D) and
1. For any subdomain D0 ⋐ D there exists a constant C0 ∈ [0,+∞)
such that for each finite function φ : D → R with suppφ ⊂ D0,
φ ∈ C2(D), the inequality∣∣∣∣∣∣
∫
D0
M∆φdλ
∣∣∣∣∣∣ ≤ C0 maxz∈D0
∣∣φ(z)∣∣
is fulfilled. Further νM :=
1
2π∆M is the Riesz charge of M where
∆ is the Laplace operator acting in the sense of distribution theory.
Besides, we have the Hahn–Jordan decomposition νM := ν
+
M − ν
−
M
where ν+M and ν
−
M are called the positive and negative part of νM ;
|νM | := ν
+
M + ν
−
M is the absolute variation of νM .
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2. We define domM ⊂ D as the set of points z ∈ D such that there
is rz > 0 with the properties D(z, rz) ⋐ D and∫
D(z,rz)
log |z′ − z0| d|νM |(z
′) > −∞.
For z ∈ domM we set
M(z) = lim
0<r→0
1
πr2
∫
D(z,r)
M dλ.
3. Here it is convenient to set M(z) = +∞ for all z ∈ D \ domM .
We denote by δ-sbh(D) the class of δ-subharmonic functions on D. Each
function M ∈ δ-sbh(D) \ {±∞} admits a unique representation M =
M+ −M− where M+,M− ∈ sbh (D) with the Riesz measures ν
+
M , ν
−
M ,
resp.
2. Main results. For a regular domain D ⊂ C∞ we denote by
gD(·, z0) the extended Green’s function of D with pole at z0 ∈ D, that
is, gD(z
′, z0) ≡ 0 for all z
′ ∈ C \ D, g(·, z0)
∣∣
D\{z0}
is harmonic, and
g(·, z0) is subharmonic on C∞ \ {z0}.
We denote by consta1,a2,... a constant depending only on a1, a2, . . . .
Let D0, D are domains in C∞, and ∅ 6= D0 ⋐ D 6= C∞.
Let b ∈ [0,+∞). We set sbh+0 (D \D0;≤ b)
:=
{
v ∈ sbh+(D \D0) : lim
z→∂D
v(z)
see (O)
= 0, sup
z∈∂D0
v(z) ≤ b
}
.
We consider a function M ∈ δ-sbh (D) \ {±∞} with the Riesz charge
νM .
Main Theorem. FOR ANY
(i) point z0 ∈ D0 ∩ domM and number b ∈ [0,+∞),
(ii) regular domain D˜ ⊂ C∞, D0 ⋐ D˜ ⊂ D, C∞ \ D˜ 6= ∅,
THERE EXISTS a number C := constz0,D0,D˜,D,b > 0, such that for each
u ∈ sbh (D) \ {−∞} the inequality u ≤ M on D \D0 entails that, for
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any function v∈sbh+0 (D \D0;≤ b), the inequality
Cu(z0) +
∫
D\D0
v dνu ≤
∫
D\D0
v dνM +
∫
D˜\D0
v dν−M
+ C
∫
D˜
gD˜(·, z0) dνM + C
∫
D˜\D0
gD˜(·, z0) dν
−
M + CM(z0)
is fulfilled. Moreover, if D˜ ⋐ D, then this estimate can be replaced by∫
D\D0
v dνu ≤
∫
D\D0
v dνM + (b+ C)CM − Cu(z0), (C)
where a constant CM := constz0,D0,D˜,D,M < +∞ is positively homogen-
eous of M , i. e. CaM = aCM for a ∈ [0,+∞), and upper semi-additive
of M , i. e. CM1+M2 ≤ CM1 + CM2 for suitable M1,M2.
Conversely, IF the function M is continuous on regular domain D
and, for a Borel measure ν ≥ 0 on D and for a number b > 0, there
is a constant C′ such that for each function v∈sbh+0 (D \ D0;≤ b) the
inequality ∫
D\D0
v dν ≤
∫
D\D0
v dνM + C
′ (C′)
is fulfilled, THEN there exists a function u ∈ sbh(D) \ {−∞} with the
Riesz measure νu ≥ ν such that u ≤ M on D, and, for any function
u0 ∈ sbh (D) with the Riesz measure νu0 = ν and for any number ε > 0,
there exists a non-zero function f ∈ Hol (D) such that the inequality
u0(z) + log
∣∣f(z)∣∣ ≤ 1
2π
∫ 2π
0
M(z + reiθ) dθ + log
(
1 + |z|
)
r
1+ε
(L)
is fulfilled for all z ∈ D and for all
0 < r < min
{
1 + |z|, dist (z, ∂D) := inf
{
|z′ − z| : z′ ∈ ∂D
}}
. (d)
Remark. In addition, if D = C orD is a domain with smooth boundary
of class C1 and, for v
∣∣
∂D
:≡ 0, there exists the derivative ∂v∂~nin
∣∣
∂D
≡ 0
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along the inner normal ~nin of ∂D, then the integral in the right parts of
the inequalities (C) and (C′) can be replaced by the integral
∫
D\D0
M dνv,
where νv is the Riesz measure of v.
Theorem 1. Let M ∈ sbh (D), b ∈ [0,+∞). Then there are numbers
C := constD0,D,b > 0, CM := constD0,D,M ≥ 0 such that, for any
v∈sbh+0 (D \D0;≤ b) and for each u ∈ sbh (D) \ {−∞}, the inequality
u ≤M on D \D0 entails the inequality (C).
Conversely, if, for a Borel measure ν ≥ 0 on regular domain D,
there is a constant C′ such that for each function v∈sbh+0 (D \D0;≤ b)
the inequality (C′) is fulfilled, then there exists u ∈ sbh(D)\{−∞} with
the Riesz measure νu ≥ ν such that u ≤M on D, and, for any function
u0 ∈ sbh (D) with the Riesz measure νu0 = ν and for any number ε > 0,
there exists a non-zero function f ∈ Hol (D) satisfying (L)–(d).
The Remark remains in force.
Corollary 1. Let D0 ⋐ D be a subdomain of D, M ∈ sbh(D) with the
Riesz measure νM , f ∈ Hol(D), Z = {zk}k=1,2,... ⊂ D, f(Z) = 0, and
log |f | ≤ M on D \D0. If v ∈ sbh
+(D \D0), and lim
z→∂D
v
see(O)
= 0, then
the implication (⇒) from Main Problem is true.
Corollary 2. Let D = C or D be a domain with smooth boundary of
class C1, and D0 ⋐ D be a subdomain of D. Suppose that a continuous
function v : D \D0 → R satisfies the following conditions
• v
∣∣
D\D0
∈ sbh+(D \D0) with the Riesz mesure νv, and v
∣∣
∂D
≡ 0,
• and there exists the derivative ∂v∂~nin
∣∣
∂D
≡ 0.
If a non-zero function f ∈ Hol (D) vanishes on a sequence Z = {zk} ⊂ D,
and f satisfies the condition
∫
D\D0
log |f | dνv < +∞, then
∑
zk∈D\D0
v(zk) < +∞.
Our results allow to obtain various forms of development and generaliza-
tion of results from [2]–[22], as well as new results both for the complex
plane C and for domains in C∞ such as D, and another domains. De-
tailed treatment of these and other results are submitted to the journal
«Математический сборник».
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